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We develop a Bose fluid model in a confined potential to consider the new quantum phase due to
the localization of Bose-Einstein condensation and disappearance of superfluidity which is recently
observed in liquid 4He in porous glass at high pressures. A critical pressure of the transition to this
phase can be defined by our new analytical criterion of supposing the size of localized Bose-Einstein
condensate becomes comparable to the scale of confinement. The critical pressure is quantitatively
consistent with observations without free parameters.
PACS numbers: 01.30.Cc, 67.40.-w, 64.60.Cn
I. INTRODUCTION
A Bose condensed system in a random environment is
a very important problem not only on the interests in the
impurity effect but also for clarifying the long-range cor-
relation, for example, the relation between Bose-Einstein
condensation (BEC) and superfluidity. Experimental
works have studied this system by means of liquid 4He
in porous glass and observed many interesting phenom-
ena [1, 2, 3]. In particular, Yamamoto et al. recently
observed the disappearance of superfluidity of liquid 4He
confined in porous Geltech silica with the very small pore
size 25A˚ at high pressures and very low temperatures,
suggesting the new quantum phase transition to local-
ized BEC under the effect of strong correlation [3].
In this work, motivated by their experiment, we in-
vestigate the behavior of a Bose fluid under the effect
of confinement at zero temperature. We use the three-
dimensional Bose fluid model in a confined potential [4],
and introduce our new criterion for finding the localiza-
tion of BEC. Supposing a BEC is localized, we calculate
the energy of the system as a function of the size of the
localized BEC, and minimize the energy. The resulting
size becomes the order of the scale of confinement above a
critical pressure, when the superfluid density disappears.
The critical pressure is quantitatively consistent with the
experimental one without free parameters.
II. THE MODEL OF BOSE FLUID IN A
CONFINED POTENTIAL
The Grand canonical Hamiltonian Hˆ − µNˆ of a Bose
fluid in a confined potential is given by
Hˆ −µNˆ =
∑
k
[ε(k)−µ]aˆ†(k)aˆ(k)+ 1
V
∑
k1,k2
U(k1−k2)aˆ†(k1)aˆ(k2)+ 1
2V
∑
k1,k2,q
g0(q)aˆ
†(k1 +q)aˆ
†(k2−q)aˆ(k2)aˆ(k1),
(1)
where aˆ†(k) and aˆ(k) are the free Boson creation and
annihilation operators with the wave number k, ε(k) =
~
2k2/2m is the kinetic energy of a particle of mass m, µ
the chemical potential. U(k) is the external confined po-
tential, V = L3 the volume of the system having the size
L and g0(k) the interaction between two particles. The
second term of the right-hand side represents the inter-
action between one particle and the confined potential;
the second-order perturbation yields the Green function
GR(k) =
1
~2V 2
∑
k1
|U(k−k1)|2G0(ω,k)2G0(ω,k1). (2)
The third term refers to the interparticle interaction. Us-
ing the ring-approximation, we obtain
g(q) =
g0(q)
1 +
g0(q)
~V
∑∫
k
dk0
2pii
G0(q)G0(k + q)
. (3)
Here G0(k) is the noninteracting Green function
G0(k) = G0(ω,k) =
~
~ω − [ε(k)− µ] , (4)
with the frequency ω and k = (ω,k). Following the
Bogoliubov method, we separate aˆ(k) to the condensed
part a(kc) =
√
Nc with the smallest wave number
kc = (2pi/L, 2pi/L, 2pi/L), and the noncondensed part
aˆ(k 6= kc). Then we calculate the Green function GI(k)
2including interparticle interaction g(k) by the Bogoli-
ubov theory, finally obtaining the total Green function
G(k) = GR(k) +GI(k). Superfluid component Ns based
on the two fluid model can be given by the linear response
theory [5]
Ns = N − ~
6pimi
∑∫
k
dk0 k
2 det[G(k)], (5)
where N is the total number of the particles. We as-
sume the gaussian confinement U(k) = U0 exp[−k2/2k2p]
so that the wave number kp = 2pi/rp can be connected
with the pore size rp of porous glass. Here the strength
U0 is estimated from the experimental critical coverage
below which superfluidity vanishes [4]. For the interparti-
cle interaction, we use g0(k) = v0(σ
√
2pi)3 exp[−k2σ2/2],
where parameters v0 and σ are determined by the com-
parison with the potential proposed by Aziz et al. [6].
To consider the phase of localized BEC, we introduce
a new criterion. First we assume a localized BEC of
the size Lg and calculate the energy Eg by replacing the
volume V in Eq. (1) with Vg = L
3
g. The total energy
of the volume V should be proportional to EgV/Vg, be-
cause the number of the localized BECs is proportional
to V/Vg. The ideal or weakly interacting Bose gas has Eg
proportional to Vg. In the strongly correlated Bose fluid,
however, Eg is no longer a simple linear function of Vg,
then Eg/Vg depends on Vg. Calculating Eg/Vg as a func-
tion of Vg, we find Vg = Vg,min which minimizes Eg/Vg.
The localization of BEC can be defined by the new cri-
terion. If Vg,min exceeds V , the system is a non-localized
BEC state. When Vg,min is reduced to become compa-
rable to r3p, we judge that the BEC is localized. Since
Vg,min is a function of N and the pressure P , we can ob-
tain the phase boundary of the transition to localization
of BEC by this criterion.
Figure 1 shows the dependence of Ns and Vg,min on the
pressure, where all numerical parameters are fixed from
Reference [3, 6] and remain no free parameters. At the
pressure P ≃ 4.2 MPa, superfluid component Ns disap-
pears and Vg,min is reduced dramatically to the order of
r3p. We can, therefore, define this pressure as the critical
pressure Pc. Our critical pressure Pc ≃ 4.2 MPa is quan-
titatively consistent with the experimental one Pc ≃ 3.5
MPa [3] and we also conclude that experimental disap-
pearance of superfluidity at high pressures is caused by
the transition to localization of BEC. For the case of
porous glass of the larger pore size rp ≃ 70 A˚, we obtain
the much larger critical pressure Pc ≃ 9 MPa which is
too high for a BEC to be localized against solidification
of liquid 4He, which is also consistent with experimental
result for Vycor glass [3].
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FIG. 1: Dependence of the superfluid component Ns and
the volume Vg,min of the localized BEC on the pressure. The
pressure P can be obtained by the thermodynamic relation
P = −∂E/∂V .
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